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The role of small separation interactions in ferrofluid structure 
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A B S T R A C T   

Interparticle interactions in colloids are traditionally modeled by means of the DLVO theory, which includes van 
der Waals and electrical double layer (EDL) interactions However, the validity range limitations become critical 
in biocompatible magnetic colloids, requiring a more detailed description of the interactions, especially at small 
intersurface separations. As magnetic colloids, ferrofluids require an extended DLVO (XDLVO) model that in
cludes magnetic interactions. Moreover, the nanoparticles of biocompatible ferrofluids are usually ionic- 
surfacted, such that their charged surfactants interact both electrically and sterically. In some of such parti
cles, the charge is usually not located at the surface, but at the outer extremities of the surfactant molecules, and 
this feature restricts the EDL model validity to larger separation distances. We addressed this problem by means 
of a model proposed by Schnitzer and Morozov, which employs a generalized Derjaguin approximation that 
makes the EDL repulsion expression valid for all separations. The van der Waals expression of the DLVO theory is 
also problematic because it shows an unphysical divergence as the intersurface separation tends to zero, a 
problem that was circumvented by replacing the expression at small separations with another expression based 
on cohesion energy and the Born-Mayer repulsion. The modifications proposed here are of interest for research 
on colloids in general and our Monte Carlo simulations show that they acquire even greater importance when it 
comes to ferrofluids. The influence of magnetic interparticle interactions on the colloid structure is better gauged 
using these modifications, which prevent magnetic interactions from being obfuscated by artificially large van 
der Waals and EDL interactions. This conclusion makes the small separation treatment particularly important for 
the study of magnetic colloids.   
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1. Introduction 

Ferrofluids were first described in a patent [1] as colloidal suspen
sions of magnetic particles. Since then, they have attracted extensive 
interest for the possibility of remote positioning and control by means of 
applied magnetic field [2], making them suitable for technological and 
biomedical applications [3–6]. Structurally, ferrofluids are colloidal 
dispersions of ferromagnetic nanoparticles in a liquid solvent.1 The 
ferromagnetism of the nanoparticles and the fluidity of the solvent are 
combined to create the unique behavior of ferrofluids. Many ferrofluid 
applications require its stability as a fluid (colloidal stability), while 
presenting minimal viscosity variations, as they are frequently related to 
particle agglomeration and gel transition [2]. 

Commercial applications of ferrofluids date back to the foundation of 
Ferrofluidics Corporation in 1968 [4]. As a magnetic fluid can be 
magnetically placed in the gap space between two objects without 
blocking their relative movement, ferrofluids have been used for sealing 
in rotary shafts and other mechanical components [4,7–9]. Technolog
ical uses include lubrication [10], sensor devices [11–13], thermo
diffusion [6], among many others that involve magnetically detecting, 
positioning or moving [3]. Biomedical applications include magnetic 
hyperthermia [14,15], drug targeting [16,17], and others. 

Loss of colloidal stability could undermine technological and 
biomedical applications of ferrofluids. Therefore, route synthesis are 
specially designed to enhance the nanoparticles’ mutual repulsion. The 
oil-based ferrofluid is the most commonly used for technological ap
plications. The nanoparticles of this colloid are surfacted by amphiphilic 
molecules, such that the polar heads remain attached to the nanoparticle 
surfaces while the apolar tails stretch toward the solvent, as in a reverse 
micelle. On the other hand, if the application involves dispersing the 
magnetic particles in a polar solvent, the stabilization might be provided 
by charge generation through chemical reactions on the nanoparticle 
surfaces [18,19]. However, the nanoparticle’s charge is usually depen
dent on pH, being close to zero in neutral solution, leading to agglom
eration [20]. This effect might cause a sol-gel transition in the ferrofluid, 
which hinders its usage in biological applications. Furthermore, a wide 
range of complications to the host could be caused by particle agglom
eration or the presence of excessively big nanoparticles [21,22]. A so
lution for this problem is to treat the nanoparticles with an ionic 
surfactant [18]. Ionizable groups at the free extremities of the surfactant 
molecules are more prone to ionization than ionizable groups on 
nanoparticle surfaces. Thus, the so-called ionic surfacted nanoparticles 
are charged at neutral pH and might be dispersed in electrolytic water as 
a physiological medium. 

Computer calculations have long been used to study the particle 
structure on magnetic fluids, with the employment of different methods 
such as Monte Carlo simulations [23,24], stochastic dynamics [25–27] 
and entropy calculations [26,28]. Early bidimensional simulations 
showed the formation of long chains [23,29,30] by considering pairs of 

nanoparticles as bonded to each other when their surface distance were 
less than a certain distance, such that clusters would never break into 

smaller clusters or isolated particles. That procedure is understandable 
since most particle interaction models do not include small-range 
attractive forces or nanoparticle merging. Other approaches include 
Lennard-Jones potential [26,31,32], rigid rod steric repulsion [33,34] 
and a hard sphere model with impenetrable surfactant layers [35]. 

In this work, we propose an interaction model with a more detailed 
approach to small particle separations, including Born-Mayer repulsion 
and cohesion energy, and perform Monte Carlo simulations to investi
gate its descriptive power. For the sake of comparison, we also perform 
simulations using a previous model consisting of the traditional DLVO 
interactions with the addition of magnetic dipolar and steric interactions 
[24,36–38]. Our reference system is a magnetic colloid composed of 
magnetite nanoparticles coated with tartrate and dispersed in water, 
whose samples were studied by Bakuzis and co-workers [24] with the 
aim of investigating the influence of the aging process on particle 
agglomeration. In order to simulate these samples and some theoretical 
variations of them, we carried out modifications on the XDLVO model 
used by the authors, towards a more detailed description of the inter
action between particles with small intersurface separations. We 
implemented a recent improvement of Schnitzer and Morozov [39] to 
the electrical double layer (EDL) interaction that extends the domain of 
validity of Derjaguin approximation. We also proposed a new approach 
to the van der Waals interaction at intersurfacial distances of the order of 
the molecular structure of the nanoparticles, including cohesion energy 
and Born-Mayer repulsion. Our results show that such improvements 
enhance the physical description of nanoparticle agglomeration in 
ferrofluids. 

2. Particle interaction models 

2.1. Model 1: DLVO + ster + mag 

The stability of colloids is traditionally modeled by means of the 
DLVO theory,2 which describes the interaction between a pair of 
colloidal particles as the balance between a van der Waals attraction and 
an electrical double layer repulsion. The name XDLVO applies to any 
extension of the DLVO, having little discriminating power. Thus, we 
shall call the XDLVO that adds steric and magnetic interparticle in
teractions to the DLVO model as “DLVO + ster + mag” or simply “model 
1”. 

The van der Waals interaction energy between two spherical parti
cles of radii Ri and Rj is written as [40] 

Uvdw(ij) = −
A
6

[
2RiRj

r2
ij − (Ri + Rj)

2 +
2RiRj

r2
ij − (Ri − Rj)

2 + ln

(
r2
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2

r2
ij − (Ri − Rj)

2

)]

,

(1)  

where A is the Hamaker constant, and rij is the distance between the 
nanoparticles’ centers. 

The EDL repulsion, in turn, is given by [41,42]  

where ϵ is the electric permittivity of the solvent, kB is the Boltzmann 

Uedl(ij) =
64πϵ(kBT)2

e2 tanh
(

eψi

4kBT

)

tanh
( eψj

4kBT

)[
RiRj
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]
2

×exp
(

−
sσ

λD

)

,

(2)   

1 Ferromagnetism is used here in the broader sense that includes 
ferrimagnetism. 2 DLVO: Derjaguin-Landau-Verwey-Overbeek. 
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constant, T is the absolute temperature, e is the elementary charge, ψ i 
and ψ j are the electric potential values on the surface of the i-th and j-th 
spheres, sσ is the distance between the charged surfaces, and λD is the 
Debye length, given by 

λD =

(
ϵkBT

ρionz2
ione2

)1∕2

, (3)  

where ρion is the ion concentration in the solvent, and zion is the valence 
of the ions in the solution (we have used zion = 1 in this work). 

The distance sσ might coincide with the surfaces of the particles 
themselves, but ionic-surfacted nanoparticles frequently have their 
charges located at the outer extremities of the surfactant molecules. In 
such a situation, the surface charge density σ is over a sphere of radius R 
+ δ. For intersurface distances shorter than 2δ, the surfactant layers are 
in physical contact, such that the electrical double layer force is not well 
defined anymore and a new steric repulsion arises, due to the overlap 
between neighbor surfactant layers. This steric repulsion is written as 
([33,34] apud [2]) 

Uste(ij) =
πξkBT

2
4R2

ij

[

2 −
(rij − 2Rij)

δ
−

rij

δ
ln
(

2(Rij + δ)
rij

)]

, (4)  

where ξ is the grafting parameter (surface density of adsorbed mole
cules), Rij is the arithmetic mean of the two nanoparticle radii (Ri and 
Rj), and δ is the length of the surfactant layers. 

The nanoparticles of magnetic colloids (ferrofluids) also interact 
through the magnetic dipolar interaction, written as [2] 

Umag(ij) =
μ

4π

[
mi
̅→⋅ mj

̅→ − 3( mi
̅→⋅̂rij)( mj

̅→⋅r̂ij)

r3
ij

]

. (5)  

Here, μ is the magnetic permeability of the solvent, mi
̅→ and mj

̅→ are the 
nanoparticles’ magnetic moments, and r→ij is the distance vector be
tween them. For each nanoparticle, magnetic moment is given by m→i =

MVmag(i)ûi [2] where ̂ui is the unit vector along the nanoparticle magnetic 
moment direction, M is the magnetization of magnetite, and Vmag(i) is the 
“magnetic volume” of the nanoparticle, given by 

Vmag(i) =
4π
3
(Ri − δs)

3
, (6)  

where Ri is the radius of nanoparticle i and δs is the length of its 
nonmagnetic shell. 

In this paper, we shall refer to model 1 (DLVO + ster + mag) as the 
inclusion of the terms given by Eqs. (1), (2), (4) and (5) in the total 
interaction energy between the nanoparticles of the magnetic colloid. 

This is practically the same model as used by Bakuzis and co-workers 
[24], with the difference that we include the core-shell effect on parti
cle magnetization by means of the nonmagnetic shell length δs (also 
called excluded diameter) in Eq. (5), causing overall lower interparticle 
magnetic interaction. Fig. 1 shows the energy curves of model 1 for a 
pair of nanoparticles using the parameters listed in Appendix A. The 
colloidal nanoparticles of this system have their charge located at the 
outer extremity of the surfactant layer. As the nanoparticles come close 
enough, so that the surfactant layers can overlap, the EDL energy re
mains constant and the steric repulsion comes into place. Keeping the 
EDL interaction energy constant in this range is the most prudent choice 
in the absence of a more detailed model, because setting it equal to zero 
could give rise to an artificial potential well. 

In addition to the inter-particle interaction so far described, each 
particle also interacts with a magnetic field of external origin, as 
described by the Zeeman energy 

Uzee(i) = − mi
̅→⋅ B→, (7)  

where mi
̅→ is the magnetic dipole moment of the particle i and B→ is the 

magnetic field vector. 
In summary, the total energy of the system, as described by model 1, 

reads 

UM1 =
∑N

i=1
Uzee(i) +

∑N

i=1

∑N

j=i+1

[
Uvdw(ij) + Uedl(ij) + Uste(ij) + Umag(ij)

]
. (8)  

2.2. Model 2: DLVO + ster + mag + BM + SM 

With the purpose of describing the small-distance regime more 
realistically, we propose another model, called model 2, which consists 
of modifications in the van der Waals and EDL energy terms of model 1, 
while keeping the rest unaltered. For pairs of particles with small sep
arations, model 2 keeps van der Waals energy term constant and add 
terms related to cohesion energy and Born-Mayer repulsion. Concerning 
the EDL repulsion term, its accuracy was improved by using an alter
native formula deduced by making use of a generalization of the Der
jaguin approximation by Schnitzer and Morozov [39]. In reference to 
the Born-Mayer repulsion and the Schnitzer-Morozov corrections, we 
also call model 2 as “DLVO + ster + mag + BM + SM”. We also include 
a cohesion energy term that we shall ignore in this label for the sake of 
conciseness. 

Eq. (1) was obtained by integrating a sixth-power law interaction (u 
(r) ∝ r− 6) over the volume of the two spheres [40], disregarding the 

Fig. 1. Interaction energy curves for magnetic nanoparticles of diameters Di 
= Dj = 7.17 nm (Ri = Rj = 3.585 nm), with magnetic dipoles aligned head-to- 
tail, as a function of their surface-surface separation, using the parameters lis
ted in Appendix A wherever applicable. The total energy diverges towards 
minus infinity as the surface distances tends to zero, requiring the definition of 
a short cutoff distance. 

Fig. 2. Illustration of the area between two spherical nanoparticles through 
which atomic bonds can be formed. The yellow disk between the spheres has 
area Aint = πR2

int and corresponds to intersurface distance shorter than maghe
mite atomic bond distance (LB). 
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discrete nature of their atomic structure, meaning that it is not valid for 
surface-surface distances of the order of atomic bonds. Thus, for 
surface-surface distances shorter than a certain critical distance, we 
fixed the van der Waals interaction energy and added a cohesion energy 
given by 

Ucoh = AintWcoh, (9)  

where Aint is the area between the spheres as their surfaces are close 
enough to form atomic bonds and Wcoh is the work of cohesion. The 
reference system of our simulations is composed of magnetite nano
particles, but their shell become maghemite by oxidation [24]. The area 
Aint is calculated as the area of intersection between spheres i and j with 
their radii increased by half of a maghemite atomic bond distance 
(LB/2), so that 

Aint = πR2
int (10)  

where Rint is calculated as 

Rint =
1

2rij

[
(− rij + Ri − Rj)(− rij − Ri + Rj)

]

×(− rij + Ri + Rj + LB)(rij + Ri + Rj + LB)
]
.

(11)  

and illustrated in Fig. 2. 
Nevertheless, we also expect a strong repulsion as the electron from 

neighbor shells overlap. Given the surfaces’ shape, we consider here that 
such repulsion will occur for only a pair of atoms at a time. Thus, the 
repulsion is modeled by means of a Born-Mayer potential [43]:, 

Ubm = Abmexp( − sij∕Lbm), (12)  

where the values of Abm and Lbm were taken from a derivation for a Fe2 

+ O2− bond [43]. The parameters for Fe–O are intermediate between 
those for Fe–Fe and O–O, such that they reasonably describe an average 
repulsion between the closest atoms of the nanoparticle pairs. 

Therefore, model 2 replaces the van der Waals term of each ij pair in 
Eq. (1) with the following energy term 

Uvdw− bm(ij) =

{
Uvdw(ij) if sij > LB,

Uvdw(ij)(LB) + Ucoh(ij) + Ubm(ij) otherwise

}

(13)  

where Uvdw(ij)(LB) is the value of Uvdw(ij) for rij = LB. 
Eq. (2) is known to be unsuitable for small distances. In order to 

circumvent this limitation, we have derived an alternative expression for 
the EDL interaction by using Schnitzer and Morozov’s generalization 
[39], extending the validity of the expression to all separations. By 
integrating the force, we get the following interaction energy 
expression: 

Uedl− sm(ij) = 128πλD(kBT)2ρiontanh
(

eψi

4kBT

)

tanh
( eψj

4kBT

)

×e(Ri+Rj)∕λD

Ei
(

−
rij − 2δ

λD

)

,

(14)  

where ρion is the ion concentration in the solvent, ψ i and ψ j are the 
electric potential values on the surface of the spheres, Ei is the expo
nential integral function, and λD is the Debye length. 

In comparison to the model whose energy curves are shown in Fig. 1 
(model 1, DLVO + ster + mag), the modified model (model 2, 
DLVO + ster + mag + BM + SM) has energy curves that seem to deliver 
a more adequate physical description of this system. As seen in Fig. 3, 
the divergence in small distances is now absent and the curves have a 
clear potential well. 

Fig. 4 shows the interaction energy between a pair of magnetic 
colloidal nanoparticles of diameters Di = Dj = 7.17 nm, as a function of 
their surface-surface separation, for variable Hamaker constant A (from 
1 × 10− 20 J to 20 × 10− 20 J). This range of possible values for the 
effective Hamaker constant was estimated by Bakuzis and co-workers, 
considering effects of particle surface oxidation and the variable 
amount of surfactant molecules between the two nanoparticles [24]. 
The simulations of this work have A = 4 × 10− 20 J, as used previously 
by Castro et al. [38]. Fig. 4a displays the curves for model 1, while 
Fig. 4b shows the curves for model 2 that gets rid of the minus infinity 
divergence. 

In summary, the total energy of the system, as described by model 2 
(DLVO+ster+mag+BM+SM), becomes 

U(M2) =
∑N

i=1
Uzee(i) +

∑N

i=1

∑N

j=i+1

[
Uvdw− bm(ij) + Uedl− sm(ij) + Uste(ij) + Umag(ij)

]
.

(15)  

Fig. 3. Interaction energy curves for colloidal magnetic nanoparticles of di
ameters Di = Dj = 7.17 nm (Ri = Rj = 3.585 nm), as a function of their surface- 
surface separation, using the parameters listed in Appendix A wherever appli
cable. Here, the total energy increases as the surface distances tends to zero, 
which is not an obstacle to Monte Carlo simulations, since high-energy con
figurations are avoided by construction. 

Fig. 4. Curves of interparticle total 
interaction energy for colloidal mag
netic nanoparticles of diameters Di = Dj 
= 7.17 nm (Ri = Rj = 3.585 nm), as 
functions of their surface-surface sepa
ration, for model 1 (a) and model 2 (b). 
The interaction parameters are as 
shown in Appendix A, except for the 
Hamaker constant, which varies from 
0 to 20 × 10− 20 J, as the legend shows. 
The lower EDL repulsion and absence of 
divergence to minus infinity makes 
model 2 more suitable for Monte Carlo 
simulations.   
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2.3. Limitations of the models 

Due to the size of the simulated system, we opted for mesoscopic 
models that do not explicitly describe some molecular scale phenomena. 
The EDL repulsion expressions (Eqs. (2) and (14)) consider an homo
geneous ion distribution. At small distances between charged surfaces, 
microscopic effects such as the finite size of hydrated ions, multiple 
counterion-coion layers and counterion condensation might become 
important [44–47]. However, the colloidal particles of our reference 
system are charged at the outer extremities of the surfactant layers, such 
that, when the surfactant layers of two nanoparticles overlap, the 
repulsion between the charges could cause an effective attraction be
tween the nanoparticles, instead of a repulsion. As the surfactant charges 
may cause repulsion or attraction between the nanoparticles, depending 
on their position relative to both surfaces, an accurate description would 
require simulations on the atomic level, therefore we choose to keep EDL 
repulsion fixed for distances for which surfactant overlap is possible. 

The models used in this work consider that the surfacted amphiphilic 
molecules are stretched towards the solvent, as Fig. 5a shows. The sur
factant molecules are relatively short and perform a stochastic pendular 
motion. In this condition, there is no necessity to use a more complex 
description of the surfactant or quantities such as Flory characteristic 
ratio, usually used to describe the gyration ratio of entangled polymeric 
surfactant [44,48]. In spite of the particularities of the system simulated 
here, the modifications proposed in model 2 represent a general 
refinement of the DLVO theory to which microscopic effects may be 
included further. 

The nanoparticles themselves also present surface irregularities, 
possibly modifying short-range interactions. Theoretical developments 
show that the intensity of such effects ultimately depends on the root- 
mean-squared (RMS) roughness [49–51], which varies largely depend
ing on the nanoparticle’s composition and the synthesis route. For 
instance, previous works report ferrofluid’s intrinsic low RMS roughness 
around 2 Å→ 4Å [52]. On the other hand, film conformations can 
dramatically increase the systems’ RMS roughness, leading to values 
over 50 nm→100 nm [53,54], potentially affecting short-range in
teractions. Furthermore, throughout this work, we will assume the 
magnetic nanoparticles to be hard spheres of infinite stiffness. By doing 
so, we also neglect elastoplastic effects on surface asperities. We believe 
that is not an issue since current experimental evidence does not indicate 
any expressive macroscopic elastoplastic effects on ferrofluids [55], 
oppositely from other nanoparticle-based systems [56,57]. 

3. Simulation 

The simulation of the ferrofluid was performed by means of a Monte 

Carlo method, using the interaction energy curves presented in Section 2 
and the parameters listed in Appendix A. Systems at different particle 
concentrations were modeled as spheres inside a cubic box with periodic 
boundary conditions. For each simulation, the number of spheres (N) 
and the box side (L) were chosen in such a manner that the volume 
fraction (ϕ) coincides with experimental values when calculated 
through the relation 

ϕ =

∑
iVi

L3 (16)  

where the summation is taken over the volumes of all spheres (Vi). In 
each simulation, the value of N was initially set to 500, while the value 
of L was calculated in such a way that the volume fraction represents the 
experimental data. Then, if necessary, the program increased the value 
of N to ensure a minimum of 150 nm for L, which was then finely 
adjusted to keep the same ϕ. Our program also simulates ensembles of 
polydisperse spheres by distributing their diameters stochastically ac
cording to a log-normal probability density function 

p(D) =
1
̅̅̅̅̅
2π

√
σD

exp
(
− ln2(D∕D0)

2σ2

)

. (17) 

Once the nanoparticle diameters are fixed, the program generates a 
sample of particle configurations (sets of positions and orientations) by 
means of a Metropolis-Hastings algorithm [58,59] (also called simply 
Metropolis algorithm), considering that (1) the system is in thermal 
equilibrium at room temperature T = 300 K, (2) the nanoparticles 
interact with an applied magnetic field B→ and (3) the nanoparticles 
interact with each other through the interactions shown in Section 2. 
The total interaction energy of a certain configuration is given by Eq. (8) 
in simulations using model 1 or Eq. (15) in simulations using model 2. As 
the Metropolis algorithm does not function properly with the energy 
divergence of Uvdw(ij) (Eq. (15)), a minimum intersurface distance (smin) 
was set to 0.01 nm. The main properties of the interaction energy curves 
are still covered by the model with this minimum. 

The Metropolis algorithm operates in Monte Carlo (MC) steps, 
starting from a random configuration of the system. Each MC step in
cludes a random modification of the system variables and a test that 
determine if the modification is accepted. The random modification 
consists of small changes in all particle positions and orientations, which 
causes a small variation of the configuration energy U. In each MC step, 
the modification is accepted if the energy variation ΔU is negative. 
Whenever ΔU is positive, the probability of accepting the modification is 

weighted by f = e
− ΔU
kBT in that MC step. This probability is executed by 

comparing f with random number a in the [0,1] interval; the modifi
cation is accepted if f is greater than a. If the modification is rejected, the 

Fig. 5. Illustration of an ionic-surfacted nano
particle and an agglomerate. (a) Ionic-surfacted 
nanoparticle. The surfactant molecules have 
apolar tails attached to the nanoparticle surface 
and polar heads that tend to disperse into the 
surrounding medium. As a result, the molecules 
stretch themselves radially from the particle 
toward the solvent. The charged surface is not 
on the nanoparticle itself, but at the outer ex
tremities of the surfactant molecules. (b) 
Agglomerate formed by three nanoparticles. 
The blue and red hemispheres represent the 
magnetic poles of the particles. The black cir
cles indicate the reach of the maxium extent of 
the surfactant molecules around each particle. 
In green, the figure represents the applied 
magnetic field ( B→) and agglomerate lengths 
parallel and perpendicular to B→. Two particles 
belong to the same agglomerate when there is 
intersection between their surfactant layers.   
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unmodified configuration is used in the next MC step. This procedure 
guarantees that the generated configurations follow a Boltzmann dis
tribution [58,59]. 

The program dynamically adjust the maximum variation in position 
and orientation coordinates considering a target acceptance rate (α) of 
0.5, which means that approximately 50% of the modifications are 

Fig. 6. Snapshots of Monte Carlo simulations of the reference system without diameter polydispersity, at zero field (a) and at B = 1 T, using model 2 (DLVO +
ster + mag + BM + SM). The direction of field is at the back-to-front direction. The interaction parameters are as shown in Appendix A. The magnetic poles are 
represented as blue and red hemispheres. The particles look almost monochromatic in the figure on the right due to the alignment along the magnetic field. 

Fig. 7. Snapshots of Monte Carlo simulations of ferrofluid samples with monodisperse (a, b) and polydisperse (c, d) diameter nanoparticles, using the model 1 (a, c) 
and model 2 (b, d). The interaction parameters are as shown in Appendix A. The magnetic field (B = 1 T) is applied in the left-to-right direction. 
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accepted throughout the simulation. After the total interaction energy of 
the system stabilizes, the program starts a sampling process to calculate 
the average values of quantities of interest over a number of MC steps. 
The beginning and end of the sampling process are determined by the 
minimum energy ever reached by the system. For every 50,000 MC 
steps, the variation of the minimum energy ever reached in the simu
lation (ΔUmin) is computed. The sampling process initiates when the 
relative variation ΔUmin∕Umin is lower than 0.05 and finishes when it is 
lower than 0.005, guaranteed a minimum of 50,000 sampling MC steps. 
The averaging of the physical quantities of interest is performed over the 
sampled configurations, whose acceptance is determined by the total 
potential interaction energy, through the Boltzmann factors e

− U
kBT. Thus, 

one takes the averages as the expected values of the physical quantities 
investigated, which may be analyzed and compared to other results from 
experiment and theory. Alternative descriptions of the Metropolis al
gorithm as applied to polydisperse magnetic nanoparticles are found in 
previous papers [24,36,38]. 

4. Results 

It is useful to visualize some snapshots of the simulations, such as the 
ones shown in Fig. 6 for a monodisperse variation of the reference sys
tem at zero field (Fig. 6a) and B = 1 T (Fig. 6b). The nanoparticles are 
represented by spheres, whose blue and red indicate north and south 
magnetic poles. At the zero field regime, one can observe that the par
ticles’ orientation shows no preferred direction, as expected. Regardless, 
due to interparticle interactions, agglomeration occurs even in such 
conditions. At the strong magnetic field regime, the particles’ magnetic 
moment dipoles align with the field, an effect visualized in Fig. 6b as the 
spheres’ blue sides points toward the front face. 

By looking at Fig. 6, one may have the impression of an over
estimated agglomeration. This is due to the difficulty in account the 
distance between neighbor nanoparticles under a three-dimensional 
perspective. In fact, some particle pairs are separated by a distance 
that is longer than revealed by the figure. In order to overcome this 
difficulty, we changed the point of view such that the magnetic field (B) 
is directed from the left to the right and the distance from the observer is 
indicated by the darkness of each particle, as seen in Fig. 7. The figure 
shows snapshots of Monte Carlo simulations of different variations of the 
reference system, subject to a magnetic field of 1.0 T from an external 
source. One can notice that the monodisperse nanoparticles form more 
packed structures, as confirmed by the average surface distance between 
first neighbors 〈s1〉 shown in Table 1, which also includes the 〈s1〉 results 
for non-magnetic systems. This might have been caused by the higher 
steric and EDL repulsions between larger nanoparticles, which are ab
sent in the monodisperse system. It is true that nanoparticles with 

diameters smaller than the modal value are also absent in the mono
disperse samples, but the log-normal distribution of the polydisperse 
samples is right-skewed (Eq. (17)). Another potential cause for such 
effect is the tendency for higher agglomeration among similar particles, 
a theoretical result obtained for particles that interact via finite attrac
tive interaction energy [44]. 

One can also notice in Table 1 that, when B = 0, the findings for the 
DLVO+ster+mag model are indistinguishable for magnetic and non- 
magnetic colloids, while there is a systematic distance decrease from 
non-magnetic to magnetic when using the DLVO +
ster + mag + BM + SM model. For the high field of 1 T, the interaction 
of the particles with the applied field becomes more relevant than the 
interparticle interactions. Consequently, both models deliver similar 
results, suggesting that, for such field regime, the contact-based in
teractions are less significant for the colloidal stability. 

In spite of the similar results of the models for 〈s1〉, model 2 reveals 
important differences of agglomeration structure between monodisperse 
and polydisperse systems, as shown in Table 2. Two nanoparticles were 
considered as belonging to the same agglomerate when there was an 
overlap between their surfactant layers, which characterizes physical 
contact. The quantities Dagg are averages of the agglomerate lengths 
depicted in Fig. 5b, Dagg

‖
being this extension along the applied field B→, 

while Dagg
⊥ is measured in the perpendicular direction.3 The results for 

model 1 (DLVO + ster + mag) show similar values for monodisperse 
and polydisperse systems. In contrast, model 2 resulted in a small dif
ference between the two types of system. Average agglomerate di
mensions are larger in the polydisperse system and the clusters are also 
more elongated in the field direction. The agglomerates are slightly 
larger for nanoparticles without the non-magnetic shell (vide Fig. 9), 
although the pattern of variation is similar. Once more, model 1 resulted 
in similar values for the elongation, while there is a more noticeable 
difference for model 2. These results are coherent with the agglomerate 
dimensions estimated by Paula [60], using SAXS data for a colloidal 
dispersion of manganese ferrite nanoparticles with similar diameter 
distribution at approximately 0.5 T. Paula’s results correspond to 
agglomerate elongation between 1.4 and 1.8, which can be considered 
as relatively similar to our results when the differences between the 
systems are taken into account. 

It is important to note that Figs. 8 and 9 show only one among 
thousands of sampled configurations in each simulation. The nano
particles are in frequent movement during the simulation, such that 
clusters form and dissipate. Most of the agglomerates displayed are di
mers, although they can unite and form larger agglomerates in some 
configurations. Due to the low particle concentration of the system, di
mers are much more probable to occur than longer clusters. One can also 
note that the particle alignment is not perfect. This is not surprising if 
one look at the energy curves of Fig. 3 for two particles with the modal 

Table 1 
Average first neighbor surface distance 〈s1〉 for different models and systems, 
with ϕ = 0.0047 and B = 0 and B = 1 T. For the zero field condition, there is a 
systematic decrease from non-magnetic to magnetic systems when using model 
2 (DLVO + ster + mag + BM + SM), which is not observed in model 1 
(DLVO + ster + mag). For B = 1 T, both models give similar results.  

B = 0 Average first neighbor surface distance (nm)  

Monodisperse Polydisperse  

Non-magn. Magnetic Non-magn. Magnetic 

model 1  11.7  11.8  13.3  13.4 
model 2  12.1  11.7  14.4  13.5  

B = 1 T Average first neighbor surface distance (nm)  

Monodisperse Polydisperse  

Non-magn. Magnetic Non-magn. Magnetic 

model 1 –  12.5 –  13.9 
model 2 –  12.3 –  13.7  

Table 2 
Agglomerate dimensions and relative elongation for samples at B = 1 T.  

δs = 0.8 nm Dispersity Dagg
‖

(nm)  Dagg
⊥ (nm)  Dagg

‖
∕Dagg

⊥

model 1 mono  11.75  11.11  1.058  
poly  10.87  10.42  1.044 

model 2 mono  11.55  11.53  1.002  
poly  14.32  12.87  1.113  

δs = 0 Dispersity Dagg
‖

(nm)  Dagg
⊥ (nm)  Dagg

‖
∕Dagg

⊥

model 1 mono  11.38  11.51  0.989  
poly  12.60  12.25  1.029 

model 2 mono  12.61  11.01  1.146  
poly  14.99  11.78  1.272  

3 Dagg
⊥ was averaged over particles and directions, since there are infinite 

possible directions perpendicular to B→. 
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diameter in the head-to-tail configuration. The magnetic interaction is 
close to 1kBT at its maximum (zero surface distance), not sufficient to 
maintain the pair united. One can also conclude that thermal agitation in 
such conditions will permit large angles between any vector pair among 
m→i, m→j and r→ij of Eq. (5). 

We noted in the simulations with model 1 that the particles practi
cally stop changing their positions when they bond to each other. Once a 
particle agglomerates, its movement is mainly rotational. Such behavior 
is absent in model 2 simulations, for which there is no notable difference 
of mobility between aggregated and isolated particles. This difference 
might be explained through the curves of Fig. 4. As two nanoparticles 
approach, their interaction energy becomes extremely negative, in such 
a way that the program rejects most modifications that would change 
their relative position, because even small displacements cause great 
energy variations. Although this could be avoided by means of a care
fully chosen short-range cutoff distance (as done in the reference study 
[24]), the optimal value would depend on characteristics of the given 
colloidal specimen, greatly undermining the model’s applicability to 
different systems. In face of this crippling limitation, we turn to model 2 
as a reliable solution that does not suffer from such tight restrictions. 

In order to investigate the agglomeration process, we display the pair 
correlation function for the monodisperse and polydisperse systems with 
ϕ = 0.47% in Fig. 10. In the monodisperse system, the first peak is more 

pronounced and better defined, being more regular around the distance 
of 10 nm for model 2. As for the polydisperse system, the peak de
generates into many smaller ones, because each nanoparticle pair has a 
different center-to-center distance when in surface contact. Model 1 
produced many peaks for polydisperse nanoparticles at center-to-center 
distances shorter than the modal diameter D0 = 7.17 nm, a direct effect 
of the deep potential wells of the interaction energy curve. Such peaks 
are absent in the results of model 2, as a result of the additional re
pulsions at small separations. 

For non-zero magnetic field, angular correlation functions provide 
additional information. Fig. 11 shows the radial-angular pair correlation 
function g(r, θ) averaged over all agglomerates found in the sampled 
configurations of the polydisperse at B = 1 T, for model 1 (a) and model 
2 (b) with ϕ = 0.47%. The results evidence higher alignment with the 
field in the configurations simulated using model 2. From the alternation 
between yellow and green areas suggests seen in Fig. 11b, one can infer a 
longer range order for model 2.4 

Fig. 8. Agglomerates present in the configurations shown in Fig. 7: monodisperse (a, b) and polydisperse (c, d) diameter nanoparticles, using model 1 (a, c) and 
model 2 (b, d). The interaction parameters are as shown in Appendix A. A magnetic field (B = 1 T) in applied in the left-to-right direction. 

4 This ordering was even more evident in g(r, θ) for the monodisperse system. 
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5. Conclusion 

Two models of ferrofluid particle interaction were compared through 
the results of Monte Carlo simulations. The results of the more 

traditional XDLVO model (called here “model 1“ or “DLVO +
ster + mag model”), which includes steric and magnetic interparticle 
interactions in the DLVO model, with some adaptations, show no sig
nificant difference between magnetic and non-magnetic colloids at zero 

Fig. 9. Agglomerates present in some configurations of nanoparticles without excluded diameter: monodisperse (a, b) and polydisperse (c, d) diameter nanoparticles, 
using model 1 (a, c) and model 2 (b, d). The interaction parameters are as shown in Appendix A. A magnetic field (B = 1 T) in applied in the left-to-right direction. 

Fig. 10. Pair correlation function for monodisperse and polydisperse systems, for the DLVO + ster + mag model (a) and the DLVO + ster + mag + BM + SM model 
(b) with ϕ = 0.47%. The peak of the traditionally modeled, monodisperse system has a maximum between 40 and 50, while the corresponding peak for model 2 
(DLVO + ster + mag + BM + SM) has a maximum value which is closer to those of the polydisperse system. 
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field. This indicates that the high value of van der Waals and EDL in
teractions obfuscates the interparticle magnetic interaction, which could 
give one the impression that they are irrelevant to the agglomeration 
pattern. 

We proposed a new model (“model 2” or “DLVO +
ster + mag + BM + SM model”) with the aim of solving that problem 
with an approach that produces interparticle interactions with similar 
order of magnitude at small separations. The divergent van der Waals 
interaction is replaced by means of a more detailed approach that in
cludes cohesion energy and Born-Mayer repulsion. The implementation 
of a corrected model for the electrical double layer interaction, valid for 
all interparticle separations, eliminated the pronounced interaction 
energy maximum around the intersurface separation of 1 nm that 
appeared in the interaction energy curve of the traditional XDLVO 
model such that the well-known first and second minima of the DLVO 
theory could reappear. 

The results show that the proposed small separation approach is 
important to assess the role of the interparticle magnetic interactions 
effectively. The interaction energy curves and the results are more 
plausible for the model with the modifications presented in this paper. 
Simulations with the modified model yielded more realistic results 
concerning the differences between monodisperse and polydisperse 
systems, manifested in the results of pair correlation functions and 
agglomerate structure. Biocompatible magnetic colloids usually have 
ionic-surfacted nanoparticles in which steric and EDL repulsions are 
interconnected. In such systems, the limitations of the traditional 
XDLVO model becomes more evident, and small separation corrections 
such as the ones shown here are important to perform simulations with 
reliable results. 
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Appendix A. System and simulation parameters 

The basic parameters used in the simulations to represent the ferrofluid sample as an ensemble of nanoparticles are:  

Parameter Description Value Source 

N number of particles 500 (minimum)  
L box side length 150 nm (minimum)  
T temperature 300 K [24] 
B magnetic field 0, 1 T  
D0 modal diameter 7.17 nm [24] 
σ diameter dispersion 0.24 [24]  

The parameters used in the simulations to describe the interaction energy terms between nanoparticles are: 

Fig. 11. Pair correlation function g(r, θ) of the polydisperse systems at B = 1 T, for the DLVO + ster + mag model (a) and the DLVO + ster + mag + BM + SM model 
(b) with ϕ = 0.47%. The yellow areas evidence higher alignment with the field in model 2. The alternation between yellow and green areas suggests an order of 
longer range for model 2. 
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Variable Description Value Source 

μ magnetic permeability 1.26 × 10− 6 H m− 1  

M nanoparticle magnetization 4.71 × 10− 5 A m− 1 [24] 
ξ grafting parameter 2.0 × 10− 17 m− 2 [24] 
δ surfactant layer length 0.55 nm [24] 
A Hamaker constant 0.40 × 10− 21 J [24] 
δs exclude diameter 0.8 nm  
Wcoh (maghemite) cohesion energy 1.38 J m− 2 [61] 
LB (maghemite Fe-O) atomic bond distance 0.19 nm [62,63] 
Abm Born-Mayer parameter A 1207.6 eV [43] 
Lbm Born-Mayer parameter L 0.3084 Å [43] 
λD Debye length 1.1 nm [24] 
ρion ion concentration 0.15 mol l− 1 [24] 
ψ surface electric potential 0.1 V [24] 
smin minimum intersurface distance 0.01 nm   

The parameters related to the simulation method are:  

Variable Description Value 

NMC[thm] number of thermalization MC steps 50,000 
NMC[max] maximum number of MC steps 300,000 
NMC[chk] number of MC steps between convergence checks 50,000 
ΔUini energy variation to initiate sampling process 0.05 
ΔUfin energy variation to finish sampling process 0.005 
α target acceptance rate in Metropolis algorithm 0.5  
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